
Rational Functions 
Class Notes 

 
 
A rational function is the ratio of two polynomials, y = p1(x)/p2(x). 
 

Example: y = (x3 + 3x2 – x – 3)/(x2 – 4). 
 
Determining x-intercepts: these occur when y = 0, therefore when the numerator (top part) of the 
rational function = 0.  Caution—if the denominator (bottom part) of the rational function has that same 
zero, then expect a “hole” in the graph rather than a root or asymptote. 
 

Example: for the example above, the numerator is (x3 + 3x2 – x – 3).  The roots of the polynomial 
are –3, –1, and 1 because those are the x-intercepts. 

 
Determining vertical asymptotes: The line x = a is a vertical asymptote of the function y = f(x) if y 
approaches ±∞ as x approaches a from the right or left.  To find vertical asymptotes, find the roots of the 
denominator. 
 

Example: for y = (x3 + 3x2 – x – 3)/(x2 – 4), the roots of the denominator are 2 and –2, therefore 
there are vertical asymptotes at x = 2 and –2. 

 
Determining end behavior:  divide the term of highest degree in numerator by the term of highest degree 
in the denominator.  The result suggests the general behavior of the rational function at its extremes (as x 
approaches ±∞). 
 

Example: for y = (x3 + 3x2 – x – 3)/(x2 – 4) the result of dividing x3 by x2 is x.  This means the 
rational function will behave somewhat like y = x at its extremes, so that as x approaches +∞ y 
also approaches +∞; as x approaches –∞ y also approaches –∞. 

 
Determining horizontal asymptotes: The line y = b is an horizontal asymptote of the function y = f(x) if 
y approaches b as x approaches ±∞. 

Given a rational function in the form xn/xm, horizontal asymptotes are defined by the following: 
• if n < m, y = 0 is an asymptote. 
• if n = m then y = a/b where a and b are the leading coefficients of the numerator/denominator. 
• if n > m then there are no horizontal asymptotes (there may be a slant asymptote instead). 

 
Determining slant asymptotes: If the degree of the numerator is one more than the degree of the 
denominator, the function has a slant asymptote.  

Example: y = (x3 + 1)/x2.  Note the rational function appears to approach y = x asymptotically. 
 
Strategies for sketching the graph of a rational function: 
1. Factor: If possible, factor the numerator and denominator.  This will help you determine the vertical 

asymptotes and the x-intercepts.  Look for common factors in numerator and denominator, which will 
result in a “hole” rather than a root or asymptote. 

2. Intercepts: Determine the x-intercepts by the method above.  Find the y-intercept by substituting in x 
= 0.  Graph these points. 

3. Vertical Asymptotes: Use the method above then look in the neighborhood of those asymptotes to see 
if y  ± ∞.  Draw dashed lines for the vertical asymptotes. 

4. Horizontal Asymptotes: Use the method above then look in the neighborhood of those asymptotes to 
see if y  the given number as x  ± ∞.  Draw dashed lines for the horizontal asymptotes. 

5. Plot a few additional points between roots and asymptotes. 
6. Sketch the graph using the information from steps 1 - 5 making sure the graph traces known points.  

Use a solid line for this graph. 


